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, Abstract. Let {R, m) be a local ring and let C be a semidualizing i?-module. In this 

' paper, we are concerned with the C-injective and Gcr-injective dimensions of certain local 

, cohomology modules of R. Firstly, the injective dimension of C and the above quantities 

' S'fs compared. Secondly, as an application of the above comparisons, a characterization 

1 of a dualizing module of R is given. Finally, it is shown that if R is Cohen-Macaulay of 
dimension d such that Hj^(C) is C-injective, then R is Gorcnstcin. This is an answer to 

• the question which was recently raised. 

d ' 1. INTRODUCTION 



(N 



Throughout this paper, i? is a commutative Noetherian ring. It is well known, see for 
example [6, Corollary 9.5.13], that a local ring {R,m) is Gorenstein if and only if i? is a 



J> . Cohen-Macaulay ring and the top local cohomology module of R, H5^(i?), is isomorphic to 

Eij(i?/m). As a generalization of this result, in [12, Theorem 2.5], the author and H. Zakeri 



of R such that R is relative Cohen-Macaulay with respect to a. In [17] R. Sazeedeh showed 
that over a Gorenstein local ring of Krull dimension at most two the top local cohomology 



in 

00 , , 

0^ ! showed that i? is a Gorenstein local ring if and only if id ^11^, " (i?) < cxd for some ideal a 

in 

o ■ 

(N : module H^™^(i?) is a Gorenstein injective i?-modulc for any ideal a of R. Notice that an 

injective module is a Gorenstein injective module. In [20] T. Yoshizawa, as a generalization 
of Sazeedeh's results, showed that over a complete Cohen-Macaulay local ring {R, m) of 
■ Krull dimension d the following conditions are equivalent. 

U ' 

(i) i? is a Gorenstein ring. 

(ii) Hj^(i?) is an injective i?-module. 

(iii) II5^(i?) is a Gorenstein injective i?- module. 

As a generalization of the above result, it was proved in [14], as the main result, that 
if C is a semidualizing module over a complete local ring of dimension d, then following 
statements are equivalent. 

(i) C is a dualizing _R-module. 

(ii) H5^(i?) is a C-injective _R- module. 

(iii) H(^(i?) is a Gc-injective _R- module. 

(iv) Gc-idflH^,(i?) <oo. 
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The above result is not true without the Cohen-Macaulay assumption on R (see 3.5). Thus 
[14, Theorem 3.1] needs correction, nevertheless its proof is clearly valid in the Cohen- 
Macaulay case. 

In this paper, wc first prove, in 3.2, that if R is relative Cohen-Macaulay with respect 
to an ideal a of R and C is a semidualizing i?-module, then C-id/jH^(_R) = id/jC — n = 
idi{H^(C), where n = hta. Next, in 3.3, we characterize a dualizing module in terms 
of Gc-injective dimensions of certain local cohomology modules. Now, as a corollary of 
3.2 and 3.3, we establish, in 3.4, the corrected version of [14, Theorem 3.1] without the 
completeness assumption on R. Also, 3.7 provides a generalization of [20, Corollary 2.10] 
and [12, Corollary 3.14]. Finally, when R is Cohen-Macaulay, we obtain, in 3.8, an answer to 
the question "what happens if the top local cohomology module of a semidualizing module 
C is C-injective?" which is stated in [14]. 



In this section we recall some definitions and facts which are needed throughout this 
paper. 

Definition 2.1. Following [16, Definition 2.1], let X he a class of i?-modules and let M be 
an i?- module. An X- cores olution of M is a complex of ii- modules in X as follows 



such that Ho(X) = M and H„(X) = for all n < —1. The X-injective dimension of M is 
the quantity 

XAdniM) = inf{sup{-n > 0|X„ 7^ 0} | X is an A'-coresolution of M }. 

The modules of A'-injective dimension zero are precisely the nonzero modules of X and also 
A'-idii(O) = -00. 

The following notion of semidualizing modules goes back at least to Vasconcelos [19] , but 
was rediscovered by others. The reader is referred to [15] for more details about semidualizing 
modules. 

Definition 2.2. A finitely generated i?-module C is called semidualizing if the natural 
homomorphism R — > Hom/j(C, C) is an isomorphism and Ext}j(C, C) — for alH > 1. An 
i?-module D is said to be a dualizing i?-module if it is semidualizing and has finite injective 
dimension. For a semidualizing i?- module C, the class of C-injective modules is defined as 



It will be convenient for us to denote Ic{R)-'id nM , which is defined in 2.1, by C-id /fM. 
Notice that when C = R these notions recover the concepts of injective module and injective 
dimension. 

Based on the work of E.E. Enochs and O.M.G. ,Jenda [6], the following notions were 
introduced and studied by H. Holm and P. J0rgensen [9]. 



2. PRELIMINARIES 




Ic{R) = { Hom/f(C, /)| / is an injective i?-module}. 
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Definition 2.3. Let C be a semidualizing i?-module. A complete IcI-resolution is a 
complex Y of ii- modules such that: 

(i) Y is exact and 'Rom b.{I,Y) is exact for each I G Ic{R)- 

(ii) Yi G Ic{R) for alH > and Yi is injective for all i < 0. 

An ii-module M is called Gc-injective if there exists a complete Xc'^^-i'esolution Y such 
that M = 'kei{d^). In this case F is a complete ZcX-rcsolution of M. The class of Gc- 
injcctivc i?-modules is denoted by QXc{R). For convenience the QIc{R)- injective dimension, 
gXc{R)-\dRM, of M which is defined as in 2.1 is denoted by Gc-'^d r{M). 

Note that when G = R these notions recover the concepts of Gorenstein injective module 
and Gorenstein injective dimension which were introduced in [6] . 

Definition 2.4. We say that a finitely generated i?-module M is relative Cohen Macaulay 
with respect to a if there is precisely one non-vanishing local cohomology module of M with 
respect to a. Clearly this is the case if and only if grade (a, M) = cd (a, M), where cd (a, M) 
is the largest integer i for which H* (M) ^ 0. Observe that the notion of relative Cohen- 
Macaulay module is connected with the notion of cohomologicaly complete intersection ideal 
which has been studied in [7]. 

Remark 2.5. Let M be a relative Cohen-Macaulay module with respect to o and let 

cd (a, M) = n. Then, in view of [2, Theorems 6.1.4, 4.2.1, 4.3.2], it is easy to see that 
SuppH;j(M) = Supp(M/aM) and ht j^a = grade (a, M), where ht j^a = inf{ dim^pMpI p e 
Supp (M/aM) }. 

Next, we recall some elementary results about the trivial extension of a ring by a module. 

Definition and Facts 2.6. Let G be an ii-module. Then the direct sum R®G has the 

structure of a commutative ring with respect to multiplication defined by 

(a, c)(a', c') = {aa', ac' + a'c), 

for all (a, c), (a', c') G R® G. This ring is called trivial extension of i? by C and is denoted 
by i? x C. The following properties of i? x C are needed in section 3. 

(i) There are natural ring homomorphisms R <^ R x G which enable us to consider 

R-modules as R K G -modules, and vice versa. 

(ii) For any ideal a of i?, a © C is an ideal of i? x C. 

(iii) (i? X C, m © C) is a Noetherian local ring whenever {R, m) is a Noetherian local ring 
and C is a finitely generated ii-module. Also, in this case, dim R = dim Rk G. 

(v) For any ii-module M we have Gc-idnM = Gid r,^cM (see [9, Theorem 2.16]). 

The classes defined next are collectively known as Foxby classes. The reader is referred 
to [1], [15] and [18] for some basic results about those classes. 

Definition 2.7. Let C be a semidualizing ii-module. The Bass class with respect to G is 
the class Bc(R) of R modules such that: 

(i) Ext jj(C,M) = = Torf (C, Horn ii(C,M)) for all i > I, and 
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(ii) the natural evaluation map C ®r Horn k(C, M) — >■ M is an isomorphism. 

Dually, the Auslander class with respect to C, denoted Ac{R), consists of all ii- modules M 
such that: 

(i) Tor f (C, M) = = Ext %{C, C M) for all i > 1, and 

(ii) the natural map M — >■ Hom i{(C, C ®r M) is an isomorphism. 

3. MAIN RESULTS 

The starting point of this section is the next lemma, which is assistance in the proof of 
Theorem 3.2. 

Lemma 3.1. Let C be a semidualizing R-module and let 

0^ M' ^ M ^M" ^0 

be an exact sequence of R-modules and R-homomorphisms such that M' and M are C- 
injective. Then M" is C-injective. 

Proof. First, in view of [18, Proposition 3.4] we see that C-id ijM" is finite. Therefore, by 
[18, Corollary 2.9], M" € Ac{R) and hence Tor f(C,M") = 0. Thus the sequence 

^ C M' ^ C M ^ C ®R M" ^ 

is exact. Now, one can use [18, Theorem 2.15] to complete the proof. □ 

Theorem 3.2. Suppose that {R,va) is a local ring and that C is a semidualizing R-module. 
Suppose that M is relative Cohen-Macaulay with respect to a and that htMCi = n. Then the 
following statements hold. 

(i) C-idijH^(M) < C-id rM - n 

(ii) In the case where M = R, C is a dualizing R-module if and only if C-id rH2{R) is 
finite. Furthermore, we have the equality C-idi{H^(ii) = id ijC — n = idRH.2{C). 

Proof. First we present a C-injective resolution approach for calculation of local cohomology 
modules. To this end, let a be an ideal of i?, TV be a finitely generated i?-module and let / 
be an injective i?-module. Then we have the following natural isomorphisms 

T^(RomR{N,I)) ^ Ih^Rom r{R/ a", Rom r{N, I)) 
^ Ih^Hom fl(ii/a" ^r N, I) 

S limRomR{N,RomR{R/a'\I)) 

riGN 

^ Rom r{N, lii^HomH(E/a", J)) 
^RomRiN,T^{I)). 

Therefore, Ta{N') e IciR) for all N' e lc{R), because r„(7) is injective. Also, by 
using a finite free resolution for N and the above isomorphism, we can deduce that 
H* (Hom ;v(A^, /)) = for all i > 1. Hence, C-injcctivc modules arc Fn-acyclic. There- 
fore in view of [2, Exercise 4.1.2], for an i?-module N, its local cohomology modules with 
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respect to a can be calculated by means of a C-injective resolution for N. Now, we prove 
the assertion. 

(i) Let C-id ij(M) = d and let 

(3.1) O^M^ Horn r{C, E°) • • • 4 Horn r{C, E") 4- > Horn r{C, E"^) 

be a C-injective resolution of M. Then, by applying the functor ro(— ) on (3.1), we may 
use the above discussions in conjunction with our assumption on local cohomology module 
of M to obtain the exact sequences 

(3.2) TaiM) Homii(C,ra(E")) ^ > HomK(C, ra(E")) ^ Cokerro(a) 

and 

(3.3) ^ Imr„(/3) ^ Homfl(C,r„(E"+i)) ^ > Homfl((7, ra(E'^)) ^ 0. 

Now, if n = the result is clear. So suppose that n > 0. Then, by assumption, ra(M) = 0. 
Therefore, by using the exact sequence (3.2) and Lemma 3.1, we see that Cokerra(a) is 
C-injective. Notice that li'^{Ad) = |^p°|^| ■ Therefore, patching the long exact sequence 
(3.3) together with the exact sequence 

H^(M) Cokerra(a) lmTa{P) 0, 

gives the following long exact sequence 

^ Cokerra(a) ^ Homj{(C, r„(E"+^)) > RomR{C,ra{E'^)) 

Hence, C-idiiH;'(M) < C-idflM - n. 

(ii) Let R be relative Cohen-Macaulay with respect to o. First we notice that, 
Suppfl(C) = Spec(i?). Therefore, in view of [5, Theorem 2.2], cd(a,J?) = cd(o,C) 
and, by [15, Theorem 2.2.6(c)], grade (a, i?) = grade (a, C). Hence, in view of 2.5, C is 

relative Cohen-Macaulay with respect to a. Since, by [2, Theorem 3.4.10], for each i > 0, 
the local cohomology functor H* (— ) commutes with direct limits and any i?- module can 
be viewed as the direct limit of its finitely generated submodulcs, one can use [5, Theorem 
2.2] to see that the functor H^(— ) is right exact. Therefore, in view of [2, Exercise 6.1.9], 
we have H^(i?) (S)rC^ H^(C). Hence, by [18, Theorem 2.11], C-idfiH^(i?) = idKH;^(C). 
Now, one can use [12, Theorem 2.5] to complete the proof. □ 

The next proposition is a generalization of [12, Corollary 3.10]. 

Proposition 3.3. Let (i?,m) be a Cohen-Macaulay local ring which has a dualizing module 
and let C be a semidualizing R-module. Then the following conditions are equivalent. 

(i) C is a dualizing R-module. 

(ii) Cc-id/jH„(i?) < oo for some ideal a of R such that R is relative Cohen-Macaulay 
with respect to a and that ht Ra = n. 

Proof. Suppose that a is an ideal of R such that R is relative Cohen-Macaulay with respect 
to a. and set ht ru = n. Then the implication (i)=>(ii) follows from 3.2(ii). 
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(ii)^(i) Let Gc-idi^H^(i^) < oo. Then, by 2.6(v), we have GidR^cKiR) < Now, 
in view of the Independence Theorem [2, Theorem 4.2.1], we have H^(i?) = li''^Qfj{R) for 
all i. Hence, R is relative Cohen-Macaulay with respect to o ® C as an i? k C-module. 
On the other hand, in view of [3, Exercise 1.2.26] and [15, Theorem 2.2.6], we deduce that 
i? K C is a Cohcn-Macaulay local ring. Also, by the remark before [9, Lemma 4.5], R t< C 
has dualizing complex Dr^c ~ RHomii(i? k C^Dh), where Dr is a dualizing complex 
of R. Since G'ld b.kC^Z®c{R) < °o ^'^^d R is Cohen-Macaulay as an i? ix C-module, in 
view of [12, Theorem 3.8], we have GIAr^cR < oo. Therefore, by [10, Proposition 4.5], 
idijC < GidflxC-R < oo. Thus C is a dualizing i?-module. □ 

Next, we single out a certain case of Theorem 3.2(ii) and Proposition 3.3 in which a = m. 
Here, of course, we are not assuming that R has a dualizing module. 

Corollary 3.4. Let {R, m) be a Cohen-Macaulay local ring with dimension n and let C be 
a semidualizing R-module. Then the following statements are equivalent. 

(i) C is a dualizing R-module. 

(ii) HJJ,(i?) is a C-injective R-m,odule. 

(iii) H^(i?,) is a Gc-injective R-module. 

(iv) Gc-id^H;(i?) <oo. 

Proof. First notice that R is relative Cohcn-Macaulay with respect to m. Thus, the impli- 
cations (i)<^(ii) follows from 3.2 and [3, Theorem 3.1.17]. Also, the implication (ii)=>(iii) 
holds by [9, Example 2.8]. 

(iii) =>(iv) is clear. 

(iv) =>(i) By the same arguments as in the proof of 3.3(ii)=>(i) one can see that R and 
Rx C are Cohen-Macaulay modules over Rk C and that Gid R^c^m®ciR) < Hence 
by [12, Corollary 3.9] and [10, Proposition 4.5] we have idnC < Gid r^cR < oo. □ 

Remark 3.5. As a main result, it has been proved in [14, Theorem 3.1] that if {R,xn) is a 

complete local ring with dimii = n and C is a semidualizing i?- module, then the statements 
(i),(ii),(iii) and (iv) of 3.4 are equivalent. This result is not true without the Cohcn-Macaulay 
assumption on R. Thus [14, Theorem 3.1] needs correction, nevertheless its proof is clearly 
valid in the Cohen-Macaulay case. Indeed, M. Hermann and N. V. Trung, in [8] , present a 
Buchsbaum ring {R,m.,k) with dimi? = 3 which is not Gorenstein, but H^(i?) = ER(k). 
However, 3.4 recovers the corrected version of [14, Theorem 3.1]. 

The New Intersection Theorem implies that if a local ring admits a finitely generated 
module of finite injective dimension, then the ring is Cohen-Macaulay. (This was formerly 

known as Bass' Conjecture.) For the proof of this result the reader is referred to [11] and 
[13]. In the next proposition, which is a generalization of [14, Proposition 3.3], we shall use 
this result. 

Proposition 3.6. Let (i?,m) be a local ring which has a, dualizing module D and let C 
be a semidualizing R-module. Set C := Homij(C, £)). Then the following statements are 
equivalent. 
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(i) C ^ R. 

(ii) B^^^'^{R) e Bc'{R) for any ideal a of R such that R is relative Cohen-Macaulay 
with respect to a. 

(iii) H„*""(i?) G Bc'{R) for some ideal a of R such that R is relative Cohen-Macaulay 
with respect to a. 

Proof. First we notice that, since R has a duaUzing module, there exists a finitely generated 
i?-module with finite injective dimension. Therefore, by the New Intersection Theorem, R is 
Cohen-Macaulay. Now, since Bii{R) is precisely the category of i?-modules, the implication 

(i) =>(ii) holds. Also, since R is relative Cohen-Macaulay with respect to m, the implication 

(ii) =^(iii) is true obviously. 

(iii)=>(i) Suppose that a is an ideal of R such that R is relative Cohen-Macaulay 
with respect to o and that Hjj*«°(ii) g Be'{R). Then, in view of [9, Theorem 4.6], 
Gc-id rH^^ ^'^{R) < 00. Hence, one can use 3.3 to complete the proof. □ 

In [20, Corollary 2.10] it was shown that if {R, m) is a complete Gorenstein local ring with 
dim R = d<2 and M is an ii-module, then the top local cohomology module is Gorenstein 
injective for all proper ideals a of R. Recently, in [12, Corollary 3.14], it was shown that the 
converse of this result is also true. Our next theorem is a generalization of this result. 

Theorem 3.7. Let {R,m) be a local ring with d = dimR < 2, C he a semidualizing R- 
module. Then the following statements are equivalent. 

(i) C is a dualizing R-module. 

(ii) H^(-R) is a C -injective R-module. 

(iii) HJ^(i?) is a Gc -injective R-module. 

(iv) H^(M) is Gc-injective for all finitely generated R-modules M and for all ideals a. 

Proof. (i)=>(ii) Since C has finite injective dimension, by the New Intersection Theorem, R 
is a Cohen-Macaulay ring. Hence, one can use 3.2(ii) and [3, Theorem 3.1.17] to see that 
H|^(i?) is C-injective. The implication (ii)=^>(iii) is clear by [9, Example 2.8]. 

(iii)=>(i) Suppose that R'^iR) is Gc-injective. Then, by 2.6(v) and [2, Theorem 4.2.1], 
Hmec(^) is Gorenstein injective as an i? x C-module. Now, since dimi? x C < 2, in view 
of [12, Proposition 3.12] we have 

Gid 

RKC^mBci-^) ~ depth (ii IX C) — dim (^n^c^R = depth ii — dim ii. 

So, R is Cohen-Macaulay. Therefore, by 3.4, C is a dualizing ii-module. 

(i)=>(iv) Since C is a dualizing ii-module, in view of [10, Lemma 3.5], the local ring RkC 
is Gorenstein. Now, let a be an ideal of R and let M be a finitely generated ii-module. We 
can assume that H|J(Ai) ^ because the conclusion is easy if H;^(M) = 0. Then, in view of 
2.6(v), we have Gc-id jiW^^iM) = Gid i?xcH^(M). Therefore, by [2, Theorem 4.2.1] and [4, 
Theorem 3.14], we see that Gc-id/{H^(M) = Gid R^ci^tisci^) finite. Now, one can use 
[12, Corollary 3.14] to complete the proof. The implication (iv)=^>(iii) is clear. □ 
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Let {R, tn) be a local ring and let C be a semidualizing i?-niodule. The following question 
is stated in [14]. What happens if the top local cohomolgy module of C is C-injective? Next 
we provide an answer to this question. 

Theorem 3.8. Let (-R, m) be a Cohen-Macaulay local ring with dimR = d and let C he a 
semidualizing R-module. Then the following conditions are equivalent. 

(i) R is Gorenstein. 

(ii) C-id RBi{C) < oo. 

(iii) HJ^(C) is C-injective. 

Proof, (iii)^(i). First notice that, by [15, Proposition 2.2.1], C is a semidualizing i?-module 
if and only if C Cg)_R -R is a semidualizing i?-modulc. Now, since, by [2, Exercise 6.1.9], the 
functor H|J,(— ) is right exact, wc see, in view of [18, Theorem 2.11], that H|^(C) is C-injective 
if and only if Hj[j(C C) is injective. Therefore, one can use [2, Theorem 4.3.2] to deduce 
that H^(C) is a C-injective i?-module if and only if \¥^^{C 0ij R) is a (C -R)-injective 
i?-module. Thus, we may assume that R is complete. 

If d = 0, then Tm{C) = C. Hence, by assumption, C is C-injcctivc: and so, by [16, Lemma 
2.11], R is Gorenstein. Let > 0. Since i? is a complete Cohen-Macauly local ring, it has 
a canonical module. Therefore, in view of [6, Proposition 9.5.22], proj.dim /j'HJi[j(i?) = d. 
Hence, by [16, Fact 1.6 ], H^(i?) e Ac{R)] so that Torf (C, H^,(i?)) = for all i > 0. Let 

(3.4) o^Pd^ >V^^Vo^Bi{R)^{) 

be a projective resolution for HJ^(i?). Then, by applying the functor — (g>ij C on (3.4) we 
obtain the exact sequence 

(3.5) P d ®ii C ^ ^ P 1 C ^ P ®fl C ^ H^(i?) C 0, 

which is a C-projective resolution of HJ^(i?) ®ji C = Hj(j(C). Now, by [12, Proposition 2.1], 
Extfj(i?/m,H;^(C)) ^ Ext'^''(i?/m,C) for all i > 0. Therefore, one can use [16, Theorem 
2.14] to complete the proof. 

(ii)=^>(iii). Assume that C-idiiH|^(C) < oo. Then, Gc-id_RH|^(C) < oo. Hence, by 
similar arguments as in the proof of Proposition 3.3(ii)=>(i) we have Gc-idflH^(C) = 
GidflKcH^ec(C)- Next, by [12, Proposition 3.12], 

GidflKcH^ec(C) = depth (i? k C) - 6.uq.(r^c)C = depth i?- dim C = 0. 

Therefore, HJ^(C) is Cc-injective. On the other hand, by our assumption and [18, Corollary 
2.9] (b), H^(C) G Ac{R). Thus, by the proof of [9, Theorem 4.2], we see that H^(C)(8)flC ^ 
H^(C C) is a Gorenstein injective i?-module. Now, one can use [4, Proposition 3.10] and 
[18, Theorem 2.11] to deduce that HjJ^(C) is C-injective. The implication (i)=>(ii) follows 
from 3.4(i)=>(ii) since, when R is Gorenstein, the module C = i? is dualizing. □ 
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